We review instrumentation for nuclear magnetic resonance (NMR) in zero and ultra-low magnetic field (ZULF, below 0.1 µT) where detection is based on a low-cost, non-cryogenic, spin-exchange relaxation free (SERF) 87 Rb atomic magnetometer. The typical sensitivity is 20-30 fT/Hz 1/2 for signal frequencies below 1 kHz and NMR linewidths range from Hz all the way down to tens of mHz. These features enable precision measurements of chemically informative nuclear spin-spin couplings as well as nuclear spin precession in ultra-low magnetic fields.
Nuclear magnetic resonance (NMR) signals are commonly detected using inductive coupling, 1 where the sample is placed in a magnetic field and the Larmor precession of the atomic nuclei induces an electromotive force (emf) in a nearby circuit. Inductive detection favors high magnetic fields because the emf is proportional to the magnetic field. Additionally, a higher field offers a larger equilibrium nuclear spin polarization 2, 3 to improve sensitivity. Overall, signal to noise ratio (SNR) scales with B 7/4 , because signal is proportional to both polarization and emf, while noise scales as B 1/4 . 3-7 High fields also increase chemical shift dispersion for experiments addressing specific nuclear spins and/or chemical environments. 8 At present a top-of-the-range high-field NMR instrument with a 10-20 T superconducting magnet (approaching the GHz frequency regime) and a lownoise or cryo-cooled induction circuit 9 can be used for analyses of chemical samples down to the picomole level and of sample volumes around 1 − 10 µL.
10,11
However, there are many applications of NMR for which there is a preference for detecting signals at low field: (1) The study of samples containing phase boundaries and therefore large variations in magnetic susceptibility, e.g. mixed phases and porous materials, can be challenging in high field. Spectral peaks are broad because of the induced inhomogeneity in the NMR magnetic field. In contrast, towards zero field, the broadening becomes small compared to the natural linewidth of the resonances.
12 ( 2) The NMR spectra of orientationally disordered samples, e.g. glassy or powdered solids, are broad at high field due to the truncation of spin interactions by the imposed symmetry of the magnetic field. In low fields, where interactions with the external field are weak compared to spin-spin couplings, there is no truncation and spectra are sharp.
13-15 (3) For samples enclosed in metal containers, NMR signals can be strongly attenutated due to the skin-depth effect, which scales with the inverse square root of frequency. At 10 MHz in copper or aluminum the penetration depth is around 20 microns; in contrast, at 1 kHz it is around 2 mm, deep enough to allow signals to pass through the walls of, say, a soda can.
16,17 (4) At zero field, spin coherences in liquids can persist for many tens of seconds, corresponding to ultranarrow linewidths on the order of mHz. Such narrow lines can be used for chemical fingerprinting and precise measurement of spin-spin couplings. [18] [19] [20] [21] [22] [23] [24] [25] Combined with the ease of obtaining highly homogeneous low fields, ZULF represents a facile route to chemically resolved NMR.
ZULF NMR demands instrumentation that is different to that from conventional NMR since inductive detection of the low-frequency signals is extremely time consuming. 26 In this paper, we review instrumentation for non-inductive NMR detection based on alkali-atom magnetometers. [27] [28] [29] [30] [31] These magnetometers measure the magnitude of magnetic field emanating from the NMR sample via the ground-state precession of angular momenta in vaporized alkali metal atoms, e.g. K, Rb or Cs. [32] [33] [34] [35] [36] Alkali magnetometers are most sensitive at low fields owing to the alkali vapor becoming spin-exchange relaxation free (SERF) at fields below ∼ 100 nT.
37-40
The fundamental sensitivity of SERF magnetometers is comparable to that of superconducting quantum interference devices (SQUIDs), 41, 42 which for the past 25 years had been the only viable means of directly detecting ZULF NMR signals 12, 43, 44 or ZULF magnetic resonance images [45] [46] [47] (as a guideline, SQUID sensitivity surpasses that of an inductive coil for frequencies below 1-10 MHz, taking spin polarization, sample volume and all other factors as equal 48 ). Like for a SQUID, the sensitivity of an atomic magnetometer is broadly independent of detection frequency. However, the bandwidth is not as large. Depending on design, SQUIDs can detect across several hundreds of kHz, but atomic magnetometers typically reach only a few hundreds of Hz down to a few Hz in the most sensitive SERF regime. On the other hand, ultra-low-field NMR spectra of liquid-state samples containing only 1 H, 13 C, 19 F or 15 N nuclei usually span less than 1 kHz, so in this application the limitation is not a major one. A highly attractive feature of atomic magnetometers with respect to SQUIDs is that they do not require cryogenic cooling -in fact, they operate at or above room temperature -and are therefore significantly less complex and costly. Other features, for example a much smaller magnetic shield needed to obtain an ultralow field environment around the sensor, enable the atomic magnetometer apparatus to be compact and to fit on a laboratory benchtop while the shielding and other hardware associated with SQUIDs is presently much larger.
Over the past decade SERF atomic magnetometers were applied, down to chip-scale, [49] [50] [51] in many situations where earth's field NMR has normally been used, e.g.: hyperpolarized gas imaging, 52 spin relaxation and molecular diffusion measurement in the absence of resolved chemical shifts, 53 and the quantification of net spin order in strongly polarized samples. 54 They have also been extensively used to obtain NMR spectra with ultrahigh (mHz) resolution of the scalar spin-spin and dipolar couplings, where the measurement precision is typically an order of magnitude higher than achieved using high-field NMR. 19, 55 Technical development of the magnetometers is presently in a stage of rapid advance due also to their use in many other scientific areas including biomagnetism 56 and fundamental physics.
57
In the following section we describe the appearance of NMR signals in ultra-low and zero magnetic field. We then explain how these are measured by describing our apparatus in the chronological order of the experiment, which involves (1) polarization, (2) encoding and (3) detection of the nuclear spins. The atomic magnetometer used in this work had a sensitivity of 3 × 10 −14 T Hz −1/2 , which is a compromise between bandwidth, sensitivity and size as explained below. Details are given for building, calibrating and then operating the instrument to perform NMR measurements. We conclude with a discussion of future development and possible improvements.
II. SPIN DYNAMICS AT ULTRA-LOW FIELD
The NMR spectrum is obtained by Fourier transformation of a time-domain signal from the magnetometer whose amplitude is proportional to the total nuclear magnetization of the NMR sample. We define the total magnetization along z as our measurable. This is a convenient yet arbitrary choice as is detailed further in Section III D. With this choice the signal is given as
In the above expression, M z is the ensemble-averaged magnetization of the sample along the z-axis, which equates to the total expectation value of angular momentum, I
(j) z , for each nucleus j in the system multiplied by its gyromagnetic ratio, γ j .
For convenience we set h = 1 and measure energies in Hz. The time dependence of M z is computed in the density matrix formalism from the trace over the operator product M z ρ(t), where ρ(t) is the nuclear spin density matrix operator for the sample. The nuclear spin Hamiltonian, H(t), determines the time-dependence of ρ(t) by propagation. In the case where H is time-independent and spin relaxation is ignored, the result is
We shall give three basic instances of this equation to illustrate the NMR phenomenon at ultra-low magnetic field. The first is Larmor precession of magnetically equivalent nuclei with spin quantum number I = 1/2 in the presence of an applied field B = {B x , B y , B z }, (e.g. the 1 H nuclei in a sample of water, oil or ethanol). In this instance, the Hamiltonian is
where
x , I
(j)
z } and the exponential parts of Equation 2 correspond to a rotation operator R = exp[−iγ(I (j) · B)t]; the spins precess about the axis of the applied field at an angular velocity γB and ρ(t) = Rρ(0)R −1 . Thus, if 1 H magnetization is initially prepared along the z axis, and a magnetic field is applied along the x axis, (|B| = B x , B y = 0, B z = 0), the result FIG. 1. Examples of low-frequency NMR signals detected at ultra-low field: (a) Larmor precession of water in a bias field ∼ 54 nT field applied perpendicular to the detection axis (x and z axes respectively); (b) measurement of the carbon-hydrogen spin-spin scalar coupling in [
13 C]-formic acid in the absence of a bias field ("zero field"); (c) near-zero-field NMR signals of [
13 C]-formic acid where the field direction is the same as that applied in (a). The Zeeman interaction is perturbative relative to the spin-spin coupling, causing splittings that are symmetrical about the zero-field transition.
will be M z (t) = M z (0) cos(γ H B x t). This NMR experiment is itself a form of magnetometry as the value of B x can be deduced from the measured signal frequency.
An example of the above is shown in Figure 1a . A spectrum was recorded using the atomic magnetometer for a 100 µL sample of tap water in a field along the y axis, produced by a current of 0.3 mA applied to a wire solenoid surrounding the sample; the value of the gyromagnetic ratio is γ H = 2.675×10
8 rad s −1 T −1 , therefore the signal at |γ H B y /2π| = 2.3 Hz corresponds to precession in the field of the coil, around B y = 5.40 × 10 −8 T.
The initial condition in the experiment was polarization of the spins along the z axis at a level of approximately 1 ppm, achieved by placing the sample in the field of a permanent magnet (2 T) located approximately 20 cm away from the magnetometer followed by rapid shuttling into the low-field region. Further details on this protocol are given in section III B. In this case, the magnetometer is sensitive to the projection of field along a single axis and the sign of the precession frequency cannot be determined. To determine the sign, quadrature detection would be needed, which could be realized using two magnetometers, the second sensitive to fields along the x or y axis.
Nuclear spin-coherence lifetime and magnetic field homogeneity determine the precision to which B x can be measured, since both of these parameters influence the linewidth of the spectral peak. For the water sample in Figure 1a the lifetime (≈ 4 s) is the dominant factor. More precise measurements of field magnitude |B| can be achieved using other nuclei, e.g. 3 He or 129 Xe. Although these nuclei have relatively low gyromagnetic ratios (γ 3He ≈ 0.76γ H and γ 129Xe ≈ 0.28γ H respectively), they can sustain coherence lifetimes on the order of hours due to the chemical inertness of the atoms. Strong signals can be obtained through spin-exchange optical-pumping techniques.
58, 59 The measurements of precession can be precise enough for navigation-grade gyroscopes.
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The second instance of Equation 2 concerns systems of coupled nuclear spins. The NMR spectrum of a liquid is also a function of the indirect dipole-dipole couplings between the nuclear spins, which are mediated by the molecular electrons and described by a term in the intramolecular Hamiltonian
A simple system illustrating this is [ 13 C]-formic acid (H 13 COOH) in zero field. The spin system is assumed to comprise the spin-1/2 pair involving the 13 C and 1 H nuclei on the formyl group (the acidic 1 H undergoes rapid chemical exchange and can be ignored). This leads to
. We have defined "zero field" as where the Larmor frequencies are much smaller than both the inverse of the spin coherence time and the spin-spin couplings, so the Zeeman interaction is dropped from the Hamiltonian.
The coupling constant J CH = 222.15 Hz results in a peak in the zero-field spectrum, as shown in Figure 1b . In a similar way to our example of 1 H Larmor precession in water, the signal arises when the starting nuclear spin density operator ρ(0) does not commute with H. One such operator is ρ(0) = k(I 
; the magnetization oscillates at the frequency J CH . Details for the preparation of ρ(0) may be found in sections III B and III C.
More generally the appearance of the ZULFs NMR spectra can be determined by expanding Equation 2 in terms of matrix elements between the normalized eigenstates {|ψ j } of H:
The exponents contain the eigenfrequencies, i.e. energy differences between eigenstates, denoted by ν jk ≡ ( ψ j |H|ψ j − ψ k |H|ψ k ). The appearance of the NMR spectra for more than two coupled spins is extensively discussed in the literature. 19, 23, 25 As a general rule, oscillatory signals are not detectable if the detection operator M z commutes with H. Any two matrix operators that commute have the same eigenstates. Thus, the matrix elements ψ j |M z |ψ k are zero for |ψ j = |ψ k because |ψ k and |ψ k are eigenstates of M z and are orthonormal. Although matrix elements ψ j |M z |ψ j can be nonzero, the transition frequency is zero and so the rule holds. For a system at zero field, where all of the spins have the same gyromagnetic ratio, M z and H J always commute. It can be concluded that detection of the zero-field spectrum therefore requires coupling between more than one spin species in the system.
While the frequencies of the ultralow-field NMR signals can be predicted exactly using the eigenvalue-eigenvector approach (Equation 3), for fields below 0.1 µT the Zeeman interaction is small enough to be treated as a firstorder perturbation to the zero-field eigensystem.
21 When a bias field is applied along the x or y axes, transitions in the NMR spectrum appear split into n = 2(2F + 1) equal-spaced components corresponding to ∆m F = ±1 for each m F , where F and m F are the quantum numbers of |F, m F , the lower-angular-momentum eigenstate of the two involved (for the construction of these quantum numbers see Refs. 21, 25 ). As demonstrated in Figure 1c , the ∼ 222 Hz transition in [
13 C]-formic acid -corresponding to F = 0 ↔ 1 -splits into two lines (F =0, n=2) in the bias field. Spectra of 13 C-methanol ( 13 CH 3 OH) display similar patterns: in zero field the 13 CH 3 group gives rise to two observable transitions, one at 1 J CH ≈ 140 Hz (F =0 to F =1) and one at 2 × 1 J CH ≈ 280 Hz (F =1 to F =2). The perturbing field splits these into a doublet (F =0, n=2) and a sextet (F =1, n=6), respectively. These patterns reveal the quantum numbers involved in each transition, so they may be used to assist assignment and fitting of complicated spectra, or lift ambiguity about the chemical structure of the sample.
At higher fields up to around 10 −4 T the strength of the Zeeman interaction becomes comparable to the Jcouplings and the complexity the NMR spectrum for coupled heteronuclear spins can rapidly increase. The NMR spectra at these fields often contain an even larger number of resonances for the number of distinct spin-spin couplings. The form of such spectra has been studied theoretically and experimentally measured using both SQUID and vapor cell magnetometers. [61] [62] [63] [64] [65] As an example, 13 C methanol in a field of 5 × 10 −6 T yields a spectrum that contains approximately 10 observable transitions in the frequency range 0-400 Hz, yet the molecule has only one distinct J CH coupling.
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III. HARDWARE A. Magnetic shielding
A magnetic field of ∼ 10 −10 T -below which we accept is a "zero field" for liquid-state samples in the experiments concerned -is established by multiple concentric layers of magnetic shielding as illustrated in Figure 2a . Depending on configuration and size of both the magnetometer and the NMR sample, 3 to 5 layers of mu-metal shielding are used on the exterior. The photograph in Figure 2b shows an example of commercial shields (model MS-1F, Twinleaf LLC) and home-built interior components. The layers of mu-metal collectively attenuate the ambient magnetic field (e.g. of the earth) so the enclosed region is shielded by a factor 10 5 -10 6 .
35 At this level of shielding, 1 H Larmor frequencies are below 10 −3 Hz. An innermost shield made of ferrite is used to minimize Johnson noise. Inside the shield there is a set of coils in order to produce fields oriented along the y (solenoid coil, 1.5 × 10 −4 T/A), x and z axes (saddle coils, 8.0 × 10
T/A) to cancel any remaining field around the cell, or supply bias fields up to around 10 −6 T. The coils are a set of copper traces printed on Kapton, rolled into a cylinder. Current is supplied to the coils from low noise, precision sources (KrohnHite model 523). The internal cylindrical volume measures approximately 150 mm in length and 100 mm in diameter.
Care should be taken to exclude objects with permanent magnetization from proximity to the mu-metal and ferrite layers. The shielding performance of both materials is degraded when a magnetization is acquired and in the worst case the shield may become magnetically saturated. Weak magnetization of the shields can be removed by using the following degaussing method: A thick, insulated wire (< 20 gauge) rated up to at least 10 A is looped through the shield as many times as possible, 20-30 turns normally being sufficient. This wire is connected in series with two Variacs and the mains power supply (110 V, 60 Hz). By adjusting the Variac outputs in an alternating fashion -changing one by a small amount, then the other, and so on -the current is increased to approximately 10 A and then returned slowly to zero. One up-down cycle typically takes 5-10 minutes. The step size in the degaussing current that results from adjusting a Variac is fairly large by adiabatic demagnetization standards. 66 However, residual magnetization of the shield is small enough for our purposes, provided at low current the fields are reduced slowly.
The magnetic shields also contain additional access holes of approximately 15 mm diameter to allow entrance of the pump/probe laser beams, the NMR sample and electrical wiring required for the field coils and the vapor cell heater (see Section III D). These holes do not appear to significantly affect the shielding quality in the central working region.
B. Polarization Ex situ: Zeeman polarization
The NMR experiment must begin with polarized nuclear spins, i.e. populations of the nuclear spin states must not be equal. The most general way to initialize spin polarization is to couple the nuclei to a magnetic field (B pol , via the Zeeman interaction) and allow the populations of the spin eigenstates to reach thermal equilibrium. For field strengths 10 −3 T< |B pol | < 10 2 T and temperatures T > 1 K the thermal polarization of a single spin-1/2 can be approximated by
where k B = 2.084×10 10 Hz K −1 is Boltzmann's constant and the orientation is parallel to B pol . The normalized spin-1/2 density operator under these conditions is given by ρ eq ≈ (1 + pI · B pol /|B pol |)/2 (tr(ρ) = 1). Thus, 1 H nuclei at room-temperature in a field of 2 T will acquire an equilibrium polarization of around 14 ppm. This leaves considerable room for improvement since, by definition, the polarization can be as large as |p| = 1. Nevertheless, for many of the basic experiments described in this paper the method is sufficient. The level of polarization is also highly consistent, as long as time is left for the thermal equilibrium to be reached, thus suitable for multi-dimensional NMR and experiments involving phase cycles or other types of signal addition.
As explained earlier strong magnetic fields (above 10
T) should not be applied within the magnetic shields, so the procedure for polarizing the nuclear spins requires an ex situ approach, unless a hyperpolarization scheme is used that works at ultralow field, as exemplified in the next section. The sample is polarized in a magnet located a safe distance away from the shields and is then shuttled inside. In our setup a 2 T Halbach array magnet is placed on a shelf above the shields at a distance of 10-20 cm. The sample is placed in a standard 5 mm outer diameter (o.d.) NMR tube and is shuttled between the magnet and the center of the shield inside a fiberglass tube whose inner diameter (i.d.) is slightly larger than 5 mm, and whose o.d. easily fits through the holes in the shielding material. This arrangement is illustrated in Figure 3a . The sample can be raised for subsequent repolarization by applying suction to the top of the tube. Regulation of air pressure at the top and base of the fiberglass tube controls rates of ascent and descent. Fluidic transport may be used as alternative: two containers may be positioned at fixed locations in the permanent magnet and next to the vapor cell magnetometer and the liquid sample pumped between these. 28 Other setups may be engineered but have not been tested.
The timescale of the shuttling operation, specifically the speed of switching between different field regimes, is an important consideration in a ZULF NMR experiment. The sample should be shuttled much faster than the relaxation time of the spins so as to preserve as much of the initial polarization as possible. This can be problematic for molecules containing nuclei with nonzero quadrupole moments (including 2 H, 14 N and all halogens except fluorine) since scalar relaxation of the second kind 4 is a significant mechanism at low field causing near-complete loss of the spin polarization within a few tens of milliseconds. A second consideration is the change in direction and magnitude of background magnetic fields, including the fringe field of the polarizing magnet and the field due to the earth. The transport can be performed adiabatically (slow relative to the spin dynamics) or sudden (fast relative to spin dynamics). The difference is that an adiabatic transfer produces polarization in the ZULF eigenstates of the spin system, whereas a sudden transfer leaves the initial density matrix unaffected and may lead to detectable coherences as soon as the sample arrives in the ZULF detection region.
These differences can be seen in how density operator is influenced by the rate at which the sample is transported through the various magnetic field gradients. In particular, if the rate of frequency change |dν/dt| is similar to the nuclear precession frequency ν 0 and/or the spinspin couplings, then ill-controlled spin dynamics result. Therefore, the transport either has to be much faster (nonadiabatic, |dν/dt| |ν 0 |, |J|) or much slower (adiabatic, |dν/dt| |ν 0 |, |J|) than the spin dynamics. If the transit between the polarizing field and ZULF is rapid, the high-field thermal polarization is "instantly" brought into ZULF and ignoring relaxation is essentially unchanged. For our example of [
13 C]-formic acid, the density operator would be approximately
where the polarizations are p H = (γ H B/2π)/(k B T ) and p C = (γ C B/2π)/(k B T ). Even for this simple system, ρ ( 0) does not commute with the zero-field spin Hamiltonian (the operator for scalar coupling, I H · I C ) due to the component (I H z − I C z ) and therefore sudden switching generates spin coherences between the ZULF eigenstates that result in a time-dependent magnetization. Sudden switching is achievable by very rapid sample movement where the transport is completed within ∼ 10 ms. 67 Alternatively, the sample can be shuttled slower through a "guide field" on the order of 10 −5 -10 −4 T along the shuttling path through a solenoid coil wound along the length of the fiberglass shuttling tube. The field maintains a Zeeman eigenbasis until the sample is stationary next to the magnetometer, inside the shields. At this point the solenoid field is rapidly quenched (< 10 ms), to convert suddenly between the Zeeman (high field) and ZULF eigenbases.
At the other extreme, if the sample if shuttled slowly into the low field (ν −1 |dν/dt| ν) the transport is adiabatic. It is desirable to transport the polarized spins adiabatically through the fringe fields (meaning the field orientation changes slowly relative to the speed of nuclear precession) such that the spins remain oriented along the axis of total magnetic field, which is not necessarily parallel to B pol . The populations of the high-field eigenstates are then smoothly transferred to the ZULF eigenstates, resulting in a new density operator:
The adiabatic method does not immediately produce an NMR signal at zero field because the density matrix operator commutes with the spin Hamiltonian. Subsequent manipulations, such as pulsed fields are required, which are described in section III C.
In situ: parahydrogen-induced polarization (PHIP)
A different method of polarizing the sample is to expose it to para-enriched dihydrogen (H 2 ), which contain up to unity polarization in the nuclear singlet state of the proton pair. Polarization from H 2 may be transferred to the target molecule via spin-spin couplings. The enhancement can be several orders of magnitude beyond the Zeeman polarization obtained by magnets.
There are numerous ways to create these couplings. One is a hydrogenation reaction, such as addition of polarized H 2 molecules at double or triple bonds in the target molecule.
68,69 A non-hydrogenative way involves reversible complexation at a metal ion, where both H 2 and the substrate bind as ligands and spin coupling arise due to the presence of a common set of molecular orbitals. 70 Usually, a reversible reaction is desired, in order to polarize the spins without altering the chemical properties or structure of the analyte. In both types of reaction, PHIP enhancements depend strongly on the physical conditions, the chemical nature of the analyte, the kinetics of the spin order transfer and the relaxation times. For molecules incorporating 15 N or 31 P lone pairs, 71 the nonhydrogenative route is efficient in the regime of 1 to 10 µT where the J couplings to para-hydrogen are similar in magnitude to the Zeeman interaction, leading directly to polarization of the heteronuclei.
72,73
The appeal of parahydrogen induced zero-field NMR experiments is that sample shuttling is avoided establishing "NMR without magnets" as it was coined in the popular press. 74 A scheme is shown in Figure 3 . The substrate and catalyst are dissolved in solution and contained in a 5 mm o.d. NMR tube. Para-enriched H 2 is bubbled into this solution through a 1/32 inch o.d. Teflon tube, where the flow is controlled by the two solenoid valves "A" (normally open) and "B" (normally closed) triggered by the data acquisition system. Hydrogen is bubbled for a timed interval, during which the reaction occurs, then the liquid is allowed to settle for 100 ms before finally the NMR experiment is started.
With these methods, 13 C NMR signals can be detected at the low natural abundance of 13 C (1.1%) 75, 76 and also 15 N spectra can be obtained at the even lower natural abundance of 0.36%, 77 enabling the application of ZULF NMR to the spectroscopy of organic molecules. Detection of the NMR signals in ZULF may play a central role in understanding the details of the hyperpolarization mechanism in low field because the hyperpolarization is detected directly at the location where it is created.
C. Encoding Pulsed field excitation
For NMR pulse sequences we use three orthogonal sets of Helmholtz coils (28 AWG enameled Cu wire, 3 cm diameter, 6 turns, 230 µT/A, 1.0 Ω) inside the shields, as shown in Figure 4a . The coils are wound on grooves that are machined in a polyether-ether-ketone (PEEK) block and are positioned such that the fields generated are centered on the sample when just above the magnetometer and are oriented along the laboratory x, y (horizontal) and z (vertical) directions as indicated. To apply pulses, the desired waveform is written as a list of time/voltage coordinates (t, V x , V y , V z ) in a file on a computer. A microcontroller and digital-analog converter (e.g. National Instruments USB 6229) converts these data into a three-channel analog output voltage (16-bit, −5 V to +5 V). Each output channel is fed into a low-distortion controlled-current amplifier (AE Techron LVC2016, maximum output 10 A at 1.0 Ω load), whose output is connected to one of the coils. In series with each coil are 5V-logic bipolar field-effect transistors whose switching time is 1-10 µs (lower-right part of Figure 4a ). To minimize magnetic field noise introduced by the coils to the region inside the shields -in particular the ∼ 1 mA noise of the current amplifiers -these switches permit the coils to only form a closed circuit when pulses are being applied.
In many NMR experiments it is necessary to perform spin-selective reorientations and ZULF is no exception. Constant-amplitude direct-current pulse waveforms can suffice for this job as follows. If we ignore the effects of spin-spin couplings, each spin precesses about the net field B pulse with an angular velocity γ i B pulse that depends on the gyromagnetic ratio, thus allowing a change in relative orientation. Ignoring the spin coupling terms is a good approximation provided that the pulses satisfy τ pulse |J| 1 and |γB|/2π |J|, which is usually the case for |B| > 100 µT and pulse flip angles on the order of a few radians.
In [ 13 C]-formic acid, a DC field along the x axis B pulse = {B x , 0, 0} for a duration τ pulse = 4π/|γ H B x | would result in rotations of 1 H and 13 C spin polarization about x through angles 4π and 4π|γ C /γ H | ≈ π, respectively. This pulse allows an observable signal to be excited from the postcursor state after adiabatic shuttling, given in Equation 6 . We can see that a 180-degree rotation of either spin species converts (I
, which as explained in the introduction is nonstationary under the zero-field Hamiltonian. Figure 4b shows the amplitude of the zero-field NMR signal for [
13 C]-formic acid after a 50 µs pulse, versus the pulse-field amplitude along the x, y and z coil axes. The change in spin orientation changes the coefficient of the spin order (I which is plotted as the solid curve. The signal after an x-and y-field amplitude is ideally the same, since the amplitude of (I The dependence on field amplitude B z along the z axis follows the function sin((γ H − γ C )B z τ pulse ), which is different because it is the product term I H ·I C (c.f. Equation 6) that generates the observable, rather than the orientation parallel to z. Overall, these curves provide an accurate calibration of magnetic field vs applied current to the coils, which is needed in order to implement sequences of many pulses where precise nuclear spin reorientation is demanded, including spin-echo pulse trains 78 and spin decoupling. 79, 80 Pulse trains also offer the option to measure the zero-frequency component of the NMR signal by "lock-in detection": the nuclear magnetization is periodically inverted using 180
• pulses to produce a signal looking like a square wave, which is then separable from DC offsets.
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The pulsing setup outlined in Figure 4a allows the amplitude of applied fields to be varied smoothly, enabling one to implement conventional "high-field" NMR methodology in which resonant AC fields at the Larmor frequency are used to obtain spin species selectivity: a DC pulse (|B pulse | < 2 mT, for several seconds without noticeable heating effects) is applied along one axis, and at the same time a much weaker AC pulse (|B pulse | max < 0.02 mT) is applied with the Larmor frequency of the selected spins, up to several tens of kHz.
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A larger number of coil windings would allow DC fields of several tens of millitesla to be reached, where chemical shifts are large enough to be resolved and exploited. For example at 10 mT, a 100 ppm chemical shift of 13 C corresponds to a frequency difference of 10 Hz.
Extremely-low-frequency pulses
Strong DC pulses of the type described above and illustrated in Figure 4 are broadband with respect to the zerofield spectrum. The reason for this is that the Larmor precession frequencies of the sample spins in the applied fields are much greater than the eigenfrequencies of the intramolecular Hamiltonian (|(γ j ±γ k )B pulse | |2πJ jk |) that is the source of the ultra-low-field signal. Therefore, such pulses affect all spins in the spectrum.
If one wishes to exert control over individual transitions, one should use low-amplitude modulated pulsed fields that are much weaker than the internal Hamiltonian and resonant with a transition of choice. 82 It can be shown that under these conditions the spin order is driven selectively between spin eigenstates connected by the resonant field. The rate of these transitions are calculable given the total and projection angular momentum quantum numbers of the states involved and the strength of the resonant field.
D. Detection Principles of optical magnetometry
To probe the spin dynamics we detect the magnetic field emanating from the NMR sample with an atomic magnetometer. We exploit an effect known as magnetooptical rotation. This effect involves the passage of linearly polarized light through a medium and its subsequent rotation due to the difference of refractive indices n ± for the two circularly polarized components (σ ± ) of the light. For a path length l and light frequency ν, the rotation angle is given by ϕ = (n + − n − )πνl/c.
If the difference in refractive indices (n + − n − ) depends on the magnetic field at the material, the circular birefringence allows the magnetic field to be determined. In our case, an atomic vapor of an alkali metal is probed near the D1 atomic resonance ( 2 S 1/2 to 2 P 1/2 transition) and the refractive index is bestowed by absorption of light, characterized with a sharp frequency dependence near resonance. We may consider the D1 transition without hyperfine effects and so assume a fourlevel system comprising the excited-state ( 2 P 1/2 ) and ground-state ( 2 S 1/2 ) doublets, each with projections of the atomic spin m J = −1/2 and m J = +1/2. Light that is circularly polarized along the quantization axis may induce transitions ∆m J = ±1, where the sign indicates interaction with σ + or σ − light. A difference (n + − n − ) may be encoded with a longitudinal magnetic field B parallel to the light beam because the absorption maxima of the two transitions ∆m J = ±1 shift in opposite directions:
Here g is the gyromagnetic ratio of the atom (ground state Landé factor) and µ B is the Bohr magneton. The dependence of the real refractive indices n ± on B is related to the the imaginary part of the (Voigt) absorption lineshape, V(ν − ν ± 0 ), via the Kramers-Kronig relations. Taking into account the populations ρ ± for the ground states m J = ±1/2, the difference can be expressed as
so at any frequency ν within the resonance line the refractive indices are unequal. This phenomenon for the case of resonant absorption in atomic vapors is named the Macaluso-Corbino effect.
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Our magnetometer involves a strongly amplified version of the Macaluso-Corbino effect, which exploits nonlinear optical properties of the alkali atom vapor. As well as shifting the frequencies of the ∆m J = ±1 transitions, the absorption coefficients are strongly debalanced by optical pumping. The optical pumping stems from interaction of the atoms with circularly polarized light, which induces redistribution of atomic population among the Zeeman sublevels. As the sublevels correspond to specific projections of spin onto the quantization axis, this leads to spin polarization of the medium. The resulting magneto-optical effect is summarized in Figure 5 and explained below.
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If the pump light propagates with circular polarization s along the y axis (unit vector e y ) of the instrument, the atomic polarization S, determining the optical anisotropy, is determined by the Bloch equation where q denotes the nuclear slowing-down factor, R OP is the rate of optical polarization and R rel is the rate of polarization decay in the ground state. 35 For the case of zero field, B = 0, a steady-state atomic polarization (dS/dt = 0) is given by S y = S 0 = (+1/2)R OP /(R OP + R rel ) and S x = S z = 0 (Figure 5a) .
For a nonzero value of B, atomic spin precession causes a component of the steady-state polarization that is perpendicular to both B and the pump beam axis. For a field B = e z B z , the steady-state solution of Equation 9 yields a finite component S x = S 0 (gµ B / )B z , such as that illustrated in Figure 5b .
To probe the polarization component S x , the linearly polarized probe beam is aligned with the x axis (Figure 5c) . The component S x corresponds to a groundstate population difference across the m J = ±1/2 ground states. In such a configuration the polarization of the probe is a direct measure of the magnetic field. The rotation is enhanced by many orders of magnitude compared to the linear Macaluso-Corbino effect. It is hence called nonlinear magneto-optical rotation.
In general, Equation 9 can be solved to give the rotation angle ϕ as a function of the magnetic field in any direction. The probe beam polarization, giving the magnetometer signal, is sensitive to fields along all axes x, y and z according to the function
that is a dispersive Lorentzian with a linewidth ∆B = (gµ 0 / )/(R op + R rel ) when B y = B x = 0. 35 However, the magnetometer is most sensitive to B z when operated in the region |B y | ∆B, |B x | ∆B, where the slope dϕ/dB z is largest (S x ≈ S 0 B z /∆B). The magnetic field generated by an NMR sample is generally not larger than 1 pT. This lies well within the central part of the dispersion curve (|B z | |∆B|) resulting in a magneto-optical rotation where the angle ϕ is linearly proportional to the NMR signal. This justifies our choice of observable in Section II.
The magneto-optical effect in this regime can be characterized by a Verdet coefficient (V ), defined as the rotation angle ϕ at a given wavelength per unit path length l and applied field B z : ϕ = V B z l. For Faraday rotation in most solid and liquid materials V does not usually exceed 1000 rad / T·m. For sparse, optically pumped alkali vapors in the SERF regime the Verdet coefficient can be as large as 10 12 rad / T·m. Therefore, on a per-atom basis, the atomic magnetometer is more sensitive by around 11-12 orders of magnitude. The fundamental sensitivity of the atomic magnetometer is limited by the ability to determine the atomic spin projection due to the Heisenberg uncertainty principle. 34 For a measurement time T , the uncertainty in B is given by the expression
where N is the number of atoms involved. In the literature, δB is frequently given per unit bandwidth in units of T/Hz 1/2 . Typically, although not universally, a bandwidth of 1 Hz corresponds to a measurement time of T = 0.5 s.
Although Equation 11 implies that large numbers of alkali atoms are favored, there are some caveats. A dense atomic vapor incurs high rate of atom-atom spinexchange collisions. This corresponds to an increase in R rel . As the two hyperfine ground states of alkali atoms are characterized with nearly opposite Landé factors, (they precess in opposite directions in a magnetic field), the spin-exchange-induced transitions between the hyperfine states introduces a relaxation that for a broad range of temperatures • C) prevents from increasing the magnetometric sensitivity. However, this changes at even higher temperatures and vapor densities. The SERF regime at ultralow field is characterized by a slow precession of the atomic spins relative to the rate of atom-atom collisions. Here the hyperfine state is rapidly (and randomly) switched and averaged, such that spinexchange collisions no longer act as a significant relaxation mechanism. 37, 38 Relaxation in the SERF regime is consequently dominated by spin-destruction collisions, whose cross section is between 3 and 5 orders of magnitude smaller than for spin exchange, allowing sensitivities that approach down to the spin-projection limit below 1 fT/Hz 1/2 . 20, 27, 28, 30, 39, 40 Finally, as the NMR signals of interest correspond to time-dependent fields, an important parameter is magnetometer bandwidth. The response of the magnetometer to a change in the magnitude of B z occurs with the time constant 1/T 2 = (R op + R rel /q) of the alkali atom spins, thus the response to oscillating field versus frequency is a Lorentzian profile with half width 1/(2πT 2 ) at half maximum (i.e. Fourier transform of the response curve). 35 We see that an increased magnetometer bandwidth then comes at the expense of a reduction in sensitivity, since the two quantities scale oppositely in T 2 . For our instrument, an acceptable sensitivity is 20-30 fT/Hz 1/2 , which we find is achievable over the 0-500 Hz frequency range.
Magnetometer setup
In our setup, rubidium-87 is used as the atomic medium and is confined to a cuboidal cell made from borosilicate glass, inner dimensions measuring 5 × 5 × 8 mm 3 (2-5 mg 87 Rb of isotopic purity 98%, N 2 buffer gas at 700 torr = 93 kPa, Twinleaf LLC, see top-left part of Figure 6a ). This cell is uncoated on its walls and is heated to temperatures of 170-190
• C to achieve a sufficient vapor density of the alkali atoms and rate of spin-exchange collisions for maximum sensitivity in the SERF regime. The nitrogen acts as a buffer gas to accelerate optical pumping of the alkali atoms and maximize the overall polarization by avoidance of radiation trapping.
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The operating temperature of the Rb cell is reached by resistive-inductive heating through a 5-meter length of double-twisted 27-gauge enameled copper wire (of resistance around 2 Ω), which is wrapped approximately 50 turns around a thermally conductive cylindrical spool made from aluminum nitride (Shapal Hi-M, Precision Ceramics, room-temperature thermal conductivity 92 W/m·K). The assembly is insulated by placing it inside an alumina tube. As shown in Figure 6a , the glass cell is cemented (Omegabond 400) to a separate short (5 mm length) section of the nitride material designed to mate with the top of the spool. The two-part design allows the fragile cell to be easily removed or reattached and kept separate during initial assembly or maintenance/repair of the heater. The wire is wound as a twisted pair to minimize magnetic fields that could be produced when electrical current is applied.
It is observed that cell heating in DC mode can present a major source of field noise in magnetometer measurements. Although one can turn off the heater when measurements are made, this is unfavorable since the cell cools down during these times. The preferred mode of heating is continuous AC, using a relatively high frequency (> 10 kHz) far away from the signals of interest and outside the sensitive bandwidth (Figure 6b) . A type-T thermocouple is placed near the top of the aluminum nitride pillar, as close to the cell as possible, to measure the temperature and a proportional-integral-derivative temperature controller (Omega CN9000A model) provides a feedback loop to control the current applied to the heating wire. The supply of alternating current is a low-distortion audio amplifier (AE Techron LVC2016, Crown Macro-Tech series or similar) where the AC input voltage is produced by a function generator and the amplitude is controlled by the feedback. At a 40 kHz heating frequency a root-mean-square power of approximately 10 W is required to raise the cell temperature to 180
• C. Thermal insulation of the vapor cell is an important design feature in the experimental setup. While the cell is operated at 170-190
• C to achieve the quoted sensitivities, it is desirable to detect NMR signals from the sample near to room temperature. For insulation, an air or vacuum gap of 0.5-1 mm is left between the vapor cell and the bottom of the shuttling system. The temperature of the air surrounding the NMR sample tube inside the shuttling system may also be regulated. One must minimize temperature gradients across the cell to avoid further broadening of the atomic resonance line and a decrease in the overall sensitivity. The minimization of thermal losses also allows the desired temperature to be reached at lower heating power.
The optical setup is illustrated in Figure 7 . For the optical pumping of the 87 Rb vapor a tunable distributedfeedback (DFB) diode laser is used with a Thorlabs ITC502 laser diode controller. The laser light is tuned to the 87 Rb D1 line at a wavelength of 794.970 nm 91 using a wavelength meter / interferometer (e.g. Agilent / HP 86120B, 0.005 nm accuracy). An optical isolator is positioned immediately after the laser collimator to eliminate reflections from the subsequent optical components. This initial beam is plane-polarized, so a half-wave plate is positioned in the path of propagation to allow arbitrary rotation of its plane of polarization. A linear polarizer follows, to allow the light power to be attenuated to the desired level. Transmitted light is then converted to circularly polarized light with a quarter-wave plate whose principal axes are 45
• from the axis of the linear polarizer. In normal operation, settings are chosen such that a power of approximately 15 mW arrives at the vapor cell. In addition to the components that control the beam polarization, beam splitters or flip mirrors may be added to divert light into a variety of meters for tuning, locking the laser, or measuring the beam power.
The source of the probe beam is a second DFB laser diode controlled with a separate ITC502 unit and tuned near the D1 line. For the most sensitive detection one should effect the largest optical rotation on the beam while minimizing resonant excitation of the atoms. The apparatus achieves this condition when the probe laser is detuned between 1 and 2 times the linewidth (in our case, 100 to 150 GHz) away from the D1 frequency and when the power of the incident beam at the vapor cell is less than 10 mW. Further optimization is described in Section III E. Two methods for measuring the optical rotation are outlined in Figures 7b and 7c . Figure 7b illustrates a "balanced polarimeter", where after the alkali vapor imparts rotation, the probe beam is split by a Wollaston prism into perpendicular components of the polarization and the intensities are detected at a pair of photodiodes. These are "balanced" (i.e. zeroed) by adjusting the incident beam's plane of polarization to equalize the detected intensities. The photodiode voltages are subtracted and then amplified so the final output voltage is the response to a change in field and is proportional to the optical rotation angle. It is useful to add a quarter-wave plate in the beam path to correct for additional optical rotation due to birefringent walls of the vapor cell.
The scheme in Figure 7c illustrates a method for heterodyne detection, which aims to minimize the influence of extremely-low-frequency noise coming from the apparatus such as 1/f noise and laser jitter. The probe beam polarization is modulated at a frequency of around 50 kHz using a photoelastic modulator (PEM, Hinds Instruments model PEM-100). The PEM consists of a birefringent quartz crystal that is stressed by mechanical vibration, induced with a piezoelectric element, along one of its principal axes to retard incident light by up to ±λ/4. If the incident light is linearly polarized at 45
• to the fast axis of the crystal, the oscillating stress alternates the transmitted light between left and right circular polarizations at the natural resonance frequency of the PEM crystal. This light passes through a linear polarizer, resulting in the intensity becoming modulated at the PEM frequency, which is then detected at a photodiode. De- modulation against the PEM resonance frequency is performed with a lock-in amplifier (Stanford Research Systems model SR830) to give the final output signal. The DC offset in this case can also be zeroed by rotating the quarter-wave plate. The integration time of the lock-in (10 µs to 100 ms) is chosen as appropriate for the signalfrequency region of interest.
For both detection methods, careful alignment of the pump and probe beams is required both with respect to one another and the sample under study. We find that the pump and the probe should be aligned perpendicular to each other within ∼ 2 degrees. Additionally, detection is most sensitive when the pump and probe beams (i) intersect over a large volume of the vapor cell, ideally its entire volume and (ii) are as close as possible to the NMR sample.
The output of the differential or lock-in amplifier may be connected to a spectrum analyzer for real-time continuous monitoring of the frequency spectrum and a volt-meter to measure the DC offset voltage. To stabilize the DC offset a second-order high-pass RC circuit, with a cutoff frequency around 0.3 Hz, is placed immediately after the output of the amplifier.
For NMR experiments, the magnetometer output is recorded digitally using a data acquisition card interfaced with a PC (National Instruments USB6229, 16-bit ±5 V analog input range). A graphical-user-interface on the PC allows the instrument user to define experimental parameters including spectral bandwidth, acquisition time and the number of dwell points, and display the Fourier transform of the recorded data. The program also interfaces the analog and digital I/O needed to operate other parts of the spectrometer, such as setting the waveforms that control the pulse sequences and sample shuttling.
E. Calibrations
When setting up the magnetometer a number of optimization and calibration procedures should be performed. The field in the vicinity of the vapor cell and the NMR sample must be controlled, in order to (1) operate in the sensitive SERF regime and (2) set known values of the bias fields. The magnetometer signal as a function of frequency must then be measured to determine detection bandwidth. The absolute sensitivity of the magnetometer should also be determined and checked on a regular basis to assess the condition of the vapor cell.
The magnetometer sensitivity is measured by applying an alternating field on the order of 1 pT to 1 nT through one of the x, y, or z field coils. The field is supplied using a function generator connected to the coils in series with a 1 MΩ to 1 kΩ shunt resistor, which produces alternating current in the 1 µA to 1 mA range. The oscillating magnetic field along the corresponding axis around the vapor cell generates a magnetometer response that we call the "test signal".
To observe the test signal, the pump laser beam is tuned near to the D1 transition frequency. Using a power meter, the transmitted power of the probe beam is measured versus frequency. For our vapor cell, we expect and observe a Voigt absorption profile with about 50 GHz (0.1 nm) width as shown in Figure 8a . Following this, the probe laser beam is tuned approximately twice the linewidth from the D1 line on the high-frequency side. At the same time the pump laser is tuned to the center of the optical transition and the power level set to 10 mW. These "crude" settings should allow a test signal amplitude of 1 nT to be detected even at relatively low temperatures of the alkali gas, around 120
• C for 87 Rb. To fully optimize the performance of the magnetometer one should refine the alignment, power and frequency of both pump (y axis) and probe (x axis) laser beams until the signal-to-noise ratio of the test signal along the z axis is maximized. Sample data for our magnetometer are shown in Figure 8(b) and (c) .
The test signal is also used to find the values of the bias currents that cancel remaining magnetic fields. From  Equation 10 if a slowly oscillating (< 100 Hz) test signal is applied in the perpendicular direction to both pump and probe, the magnetometer response is a dispersive Lorentzian function. The residual B z is zeroed first. The pump laser beam is blocked from reaching the cell and the polarization of the probe beam is rotated until the magnetometer response becomes zero. The pump beam is then unblocked and B z adjusted to zero the DC offset of the magnetometer. To eliminate residual fields B x or B y , a ≈ 5 Hz test signal is applied in turn along the y or x axes, respectively, viewing the magnetometer response on an oscilloscope. A test signal oscillating parallel to the x axis is applied and B y is adjusted until the response is minimized. The field B x is then adjusted to minimize the response from a test field oscillating along the y axis. Fields B x , B y and B z are adjusted iteratively in this way until the test signal is only detected along z. Unfortunately, this protocol does not guarantee a zero field at either the magnetometer or the NMR sample. Finite magnetic fields can arise unintentionally for several reasons: the NMR sample is necessarily located at some distance from the vapor cell, meaning gradients in the shimming fields can cause a nonzero field at the sample. Also, the test signal does not distinguish B x , B y or B z from fictitious magnetic fields generated by light shifts, or imperfect alignment of the laser beams. For further accuracy, the fields should be minimized by measuring NMR spectra to determine the values of field from the Larmor frequency. The field per unit current and the zero bias fields can then be calculated.
We quantify the sensitivity by the smallest test signal amplitude δB z that is detectable with unit signal-to-noise ratio (SNR) over a 1 Hz measurement bandwidth. The SNR is defined at the peak amplitude divided by the standard deviation of the noise. On our setup, a 100 Hz, 4.4 pT test signal yields an SNR of around 100 when sampled over 0.5 s (= 1 Hz bandwidth). The resulting sensitivity is therefore δB z ≈ 30 fT/Hz 1/2 at 100 Hz. The bandwidth of the magnetometer is determined from a set of spectra measured at different frequencies of the test signal. Figure 9 shows magnetometer signal amplitude and phase relative to a 4.4 pT test signal over the frequency range of 0 − 400 Hz. The data show that the signal amplitude drops by close to 65 percent and the phase shift (relative to zero frequency) varies from zero at 0 Hz to almost 1.3 radians at 400 Hz. These data suggest a usable magnetometer bandwidth of approximately 300 Hz. However, if the noise is dominated by sources from outside the cell, for example Johnson noise from the shields and not on characteristics of the Rb vapor, then the noise is attenuated in the same way and the signal-tonoise ratio does not change strongly across the spectrum, so the usable frequency range is approximately a factor of 2-3 larger. We find that SNR of the magnetometer is essentially flat up to 500 Hz, with the exception of vibrational noise that can degrade sensitivity in the spectral region below 10 Hz. These parameters vary depending on alkali vapor composition, temperature, pump beam power and other parameters that influence the resonance linewidth of the alkali-atom spins.
Although the magnetometer settings are chosen as a compromise between sensitivity and detection bandwidth (inverse of response time), there are some aspects of the NMR experiment that would benefit from a change of conditions. One of these is the time to recover a magnetometer signal following pulsed fields of several mT submitted by the NMR pulse sequences, which on our setup can be as large as 20-30 ms. In a straightforward pulseacquire experiment this dead time of the magnetometer does not cause problems; it is sufficient to omit the data points acquired 30-40 ms after pulsed fields and correct for the time shift via a first-order (frequency-linear) phase correction to the spectrum. However, the response time is generally too long to allow advanced experimental techniques, such as spin decoupling, that involve so-called "pulse-windowed detection". The aim of such methods is to acquire signal data points during short delays in between magnetic field pulses, which may only be a few ms. To reduce the magnetometer dead time without compromising the detection sensitivity, one should be able to rapidly switch the intensity of the pump beam. Following application of pulsed magnetic fields, the intensity should be increased (thereby temporarily increasing R OP and decreasing T 2 ) to accelerate magnetometer recovery before being returned to the level which allows the NMR signal to be recorded.
Most of our ZULF-NMR experiments are performed with liquid samples whose volume is on the order of 0.05 to 0.5 mL. The liquids are contained in standard 5 mm or 10 mm o.d. glass NMR tubes. The NMR signal is detected with the tube positioned just above the alkali vapor cell. Since the magnetic field generated by the sample decreases with the third power of distance, flatbottomed thin-wall NMR tubes are preferred, since they reduce the distance between the sample and vapor cell and lead to improved sensitivity. For the 5 mm o.d. tube, the sensitive volume is the lowest 5-10 mm of the liquid corresponding to volumes 100-200 µL. The magnetometer is also suitable for use with microfluidic devices or flow cells, 20, 28, 49 where the volume of interest is placed as close as possible to the vapor cell.
A preferred sample for calibration and sensitivity determination is neat 99% [ Finally, the sensitivity of the magnetometer is also strongly dependent on bias field. This is expected since the relaxation time of the alkali spins depends on field, particularly when bias fields are strong enough to withdraw SERF behavior (around 100 nT). Additionally there is a dependence because the large difference in gyromagnetic ratio of the alkali-atom spins and the NMR sample leads to a reduced overlap of the 87 Rb resonance with the NMR transition frequencies. This behavior can be seen upon solving Equation 9 for an oscillating field along the z axis, B = e z B 1 cos(2πν 1 t) in the presence of a bias field e y B y along a perpendicular axis. The maximum response is shifted to a non-zero field defined by ν y = µ B gB y /hq:
35 S x = (S 0 /2)B 1 ∆ν × ∆ν cos(2πν 1 t) + (ν 1 − ν y ) sin(2πν 1 t) ∆ν 2 + (ν 1 − ν y ) 2 + ∆ν cos(2πν 1 t) − (ν 1 − ν y ) sin(2πν 1 t)
where ∆ν = 1/T 2 . The data in Figure 10 illustrate the sensitivity of our magnetometer to small oscillating fields on the order of pT in the presence of bias fields up to around 0.25 µT. Figure 10a shows the intensity of the NMR signal for 1 H Larmor precession in water over the frequency range 1-10 Hz (approximately 0 to 0.25 µT). For each data point it was necessary to (approximately) compensate for the much stronger magnetometer response to the bias field, so that the voltage of the photodiodes did not "clip" out of the range where they could be measured. The overall profile fits to an absorptive Lorentzian lineshape centered near zero frequency, consistent with Equation 12 for |ν 1 | = |γ H B y /2π| |ν y |. Although there is a rapid loss of sensitivity with increasing bias field, the Larmor precession is easily detected over the 0-10 Hz region, enabling us to execute the field-zeroing protocol described earlier in this section and the near-zero-field NMR spectroscopy described in Section II. The data in Figure 10b represent the magnetometer response to a 4.4 pT, 100 Hz test field over the same range of bias fields. The center of the Lorentzian is shifted away from zero field, since the magnitude of the signal frequency ν 1 is now comparable with that of ν y .
IV. SUMMARY AND OUTLOOK
We have described the setup and characterization of an instrument for detecting NMR signals in magnetic fields below ≈ 10 −7 T, which we refer to as the ZULF regime. The key stages of the NMR experiment were reviewed: sample prepolarization, signal encoding using pulsed magnetic fields and finally optical detection via resonant non-linear magneto-optical rotation near the 87 Rb D1 transition in a SERF 87 Rb-vapor magnetometer. The instrument is used for direct measurements of nuclear spin-spin couplings and Larmor precession near zero field. Indirect measurements of NMR up to fields of a few mT can also be made with high sensitivity, which includes NMR in the earth's field. 53 The whole instrument is relatively inexpensive, compact and easy to maintain compared to traditional NMR apparatus. As the techniques based on SERF magnetometers become mature, we expect the practical realization of many promising NMR applications, where the sensitivity or cost of low-field detection has hitherto been prohibitive. Examples include the characterization of liquids confined in pores, porous metals, 92 emulsions and other inhomogeneous materials, the proposed measurement of antisymmetric spin-spin-coupling tensors in chiral molecules 93 and the use of spin decoupling techniques for multidimensional spectroscopy.
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Although SERF alkali magnetometry techniques continue to be refined, fundamental sensitivity limits are close to being reached. At this stage, the mass sensitivity of ZULF NMR still remains several orders of magnitude below the state-of-the-art portable NMR in-strumentation based on coil induction even at signal frequencies as low as 1 MHz. Room-temperature prepolarization of samples around 1-2 T does not produce sufficient signal intensity for ZULF NMR to be used for routine analyses of organic molecules in mM concentration, even with full 13 C isotopic enrichment. However, this limitation can be overcome by techniques that produce a much higher starting polarization, for instance parahydrogen-induced polarization. [75] [76] [77] Dynamic nuclear polarization (DNP) is another experimental strategy for producing order-of-unity nuclear spin polarization in liquids, promising signal strength enhancement by a factor 10 5 -10 6 . [94] [95] [96] Another interesting future direction of ZULF NMR is extending the techniques to single-molecule level using magnetometers based on single NV centers in diamond that have already demonstrated single-spin NMR capabilities, though not at ZULF. 97 This will take the technique to an unbeatable range of mass sensitivity and is ideal for stochastic polarization. The same may be true for magnetic resonance imaging (MRI). We note that only one decade since the first demonstration of ZULF NMR with atomic magnetometers, 28 several works have demonstrated MRI, assisted by remote detection, 92, 98, 99 extended-cell and flux-transformer strategies, 100,101 although the alkalivapor magnetometer and/or spatial encoding is used at higher magnetic fields on the order of mT and not in the ZULF/SERF regime. At present, SQUID magnetometry is preferred for larger spatial fields-of-view, (e.g. imaging medical/physiological subjects), mainly because the technology is more mature. 16, 46, 102 As the alkali-vapor, SQUID and NV-diamond magnetometers continue to undergo a rapid stage of development and advance, including in ZULF, it is expected that the scenes will change dramatically over the coming years.
